Thermodynamics properties of heavy mesons are calculated within the framework of the N-dimensional radial Schr ̈dinger equation. The Cornell potential is extended by including the quadratic potential plus the inverse of quadratic potential. The energy eigenvalues and the corresponding wave functions are calculated in the N-dimensional space using the Nikiforov-Uvarov (NV) method. The obtained results are applied for calculating the mass of spectra of charmonium, bottomonium, b ̅ and c ̅ mesons. The thermodynamics properties of heavy quarkonia such as, the mean energy, specific heat, free energy, and entropy are calculated. The effect of temperature and the dimensionality number on heavy mesons masses and thermodynamics properties is investigated. The obtained results are improved in comparison with other theoretical approaches and in a good agreement with experimental data. We conclude that the present potential well describes thermodynamic properties in the three-dimensional space and also the higher dimensional space.
Introduction
Thermodynamics is the branch of physics concerned temperature and their relation to energy. This branch plays an important role in high energy physics [1] . According to statistical quantum chromodynamics (QCD), nuclear matter may undergo a color deconfined partonic phase, the quark-gluon plasma (QGP), at sufficiently high temperature and/or density. Over the past few decades, strenuous efforts have been made to devise clean and experimentally viable signals that can unambiguously identify the existence of QCD phase transition and trace out its signatures. Charmonium (a bound state of charm and anti-charm quarks) suppression had been predicted as a signature for the deconfinement transition [2, 3] .
The Schrödinger equation (SE) plays an important role in describing many phenomena as in high energy physics. Thus, the solutions of the SE are important for calculating mass of quarkonia and thermodynamic properties. To obtain the exact and approximate solutions of SE, the various methods have been used for specific potentials such as Nikiforov-Uvarov method [ 4 ] , supersymmetry quantum mechanics [5] , asymptotic iteration method [6] , Laplace integral transform [7] . Recently, N-dimensional Schrodinger equation has received focal attention in the literature. The higher dimension studies facilitate a general treatment of the problem in such a manner that one can obtain the required results in lower dimensions just dialing appropriate with N. [8] [9] [10] [11] [12] [13] [14] .
The thermodynamic properties play an essential role in describing quark-gluon plasma [15] , in which the thermodynamic properties of light quarks are calculated in comparison with the strange quark matter. In Ref. [16] , the thermodynamic properties of the QGP are performed based on the constituent quasiparticle model of the quark-gluon plasma. In addition, the thermodynamic properties are investigated in the framework chiral quark models such as in Refs. [17] [18] [19] and also in molecular physics using the relativistic and non-relativistic models [20] [21] [22] [23] .
In the present paper, we aim to calculate the N-dimensional Schrödinger equation analytically by using NU method, and apply the present results to find the properties of quarkonium particles such as masses and thermodynamic properties which are not considered in other works.
The paper is organized as follows: In Sec.2, the NU method is briefly explained. In Sec.3, the energy eigenvalues and the corresponding wave functions are calculated in the N-dimensional space. In Sec.4, the results are discussed. In Sec.5, the summary and conclusion are presented.
Theoretical Description of the Nikiforov-Uvarov (NU) Method
The NU method is briefly given that is a suitable method to obtain the solution of the second-order differential equation which has the following form
where (s) and ̃( ) are the polynomial of maximum second degree and ̅ ( ) is a polynomial of maximum first degree with a coordinate transformation S=S (r) to find the particular solution of equation (1) 
The Schr ̈dinger Equation and the Extended Cornell Potential
The SE for two particles interacting via symmetric potential in the N-dimensional space takes the form as in Ref. [24] [ -
where L, N, and µ are the angular momentum quantum number, the dimensionality number, and the reduced mass for the quarkonium particle, respectively. Setting wave Function (r) = R(r), the following radial SE is obtained
the extended Cornell potential is suggested as follows. V(r) takes the form.
where a, b, c, and d are arbitrary constants to be determined later. The first term is a linear term for confinement feature and coulomb's potential that describes the short distances between quarks. The two terms are called Cornell potential. In the present work, we extend the Cornell potential to include the quadratic potential and the inverse quadratic potential which play an important role in improving quarkonium properties such as in Refs. [25, 26] . By substituting Eq. (9) into Eq. (8), we obtain
let us assume that r = and is a characteristic radius of the meson.
Then the scheme is based on the expansion of in a power series around i.e. around . Eq. (10) takes the following equation
where
the constant K is chosen such as the function under the square root has a double zero, i.e. its discriminant the constant K is chosen such as the function under the square root has a double zero, i.e. its discriminant for bound state solutions, we choose the positive sign in the above equation so that the derivative is given. (14), we obtain
by using Eq. (5), we obtain from Eq. (6); λ= . The energy eigenvalue in the N-dimensional space is given.
By taking a = 0 and N = 3, we obtain the results in Ref. [27] . At d = 0, we obtain the results of Ref. [28] . The radial of the wave function of Eq. (10) takes the following form.
is the normalization constant that is determined by
Thermodynamics properties
We study thermodynamics properties of extended Cornell potential, the partition function is given Z=∑ λ , where β = , K is the Boltzmann constant. The principal quantum number n ranges from 0, 1, 2,…, λ , λ = √ -where 1 2 3 , , A A A are defined in Eq. (20) . In the classical limit, at high temperature T for large λ the sum can be replaced by an integral and can be replaced by as used in Refs. [20, 21] .
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Results and Discussion [4.1] Quarkonium masses
In this subsection, we calculate spectra of the heavy quarkonium system such charmonium and bottomonium mesons that have the quark and antiquark flavor, the mass of quarkonium is calculated in 3-dimensional space (N=3 ). So we apply the following relation as in Refs. [23] [24] [25] . M=2m+ (25) where, m is bare quark mass for quarkonium. By using Eq. (16), we can write Eq. (25) as follows
(26) in the recent works [7] [8] [9] [10] [11] . The general form of higher dimensional gives more information about the system under study. In addition, we note that the charmonium mass increases with increasing dimensional number due to increasing binding energy. Therefore, when binding energy is larger than the constituents of charmonium which give us the limitation of nonrelativistic models. The effect is also studied in Ref. [11] . In Table ( 4), we calculate mass spectra of c ̅ mesons where 2m= + in Eq. (26) . The 1S, 2S, 1D close with experimental data and are improved in comparison with power potential, screened potential, and phenomenological potential in Ref. [35] . The effect of dimensionality number has the same effect as in the charmonium and bottomonium. In Fig. (1) , we note that partition function Z decreases with increasing β. The range of β =4.0 to 6.5 GeV -1 corresponding to T = 0.154 to 0.250 GeV which represents the range of temperature which charmonium melts to its constituents as charm quark. We note that the partition function decreases with increasing β and the dimensionality number N. In addition, we note the partition function is not sensitive at the largest values of β. The behavior of partition function will act on other observables that will be discussed. In Ref. [20] , It is observed that the partition function Z decreases monotonically with increasing β in which the author applied the deformed five-parameter exponential-type potential in the SE. In Ref. [21] , the partition function decreases with increasing β. Therefore, the behavior of Z is in agreement with Refs. [20, 21] In Fig. (3) , we note that the U decreases with increasing of and increases with increasing of In Fig. (4) , the values of U shifts to higher values by increasing dimensionality number. In Ref. [21] , the authors found that the internal energy increases with increasing for HCL. In Ref. [20] , the internal energy decreases with increasing . In Ref. [22] , the authors calculated all thermodynamic properties of a neutral particle in a magnetic cosmic string background of using the nonrelativistic Schrödinger-Pauli equation, in which they found that internal energy increases with increasing temperature and angular quantum number. We obtained the same conclusion in the present work for internal energy. Thus, the behavior of internal energy is agreement with recent works [20, 21, 22] . In Fig. (4) , we note that the U increases with increasing dimensionality number. This effect is not considered in other works such as in Refs. [20, 21, 22] . In Fig. (5) , we note that the specific heat (C) decreases with increasing of and it shifts to higher values by increasing parameter . In addition, the dimensionality number shifts the specific heat to higher values as in Fig. (6) . The behavior of the specific head is studied in Refs. [20, 21, 22] using the Schrödinger equation. We found the qualitative agreement with these works. In Fig. (7) , we note that the free energy F increases with increasing and . Also, the free energy increases with increasing N, in Fig. (8) . In Ref. [15] , the quark -gluon plasma is assumed to be composed of the light quarks only such as the up and down quarks, which interact weakly, and the gluons which are treated as they are free. They found the free energy decreases with increasing temperature. In Ref. [37] , the authors studied free energy for strange quark matter and they found the conclusion of Ref. [15 ] . In Ref. [22] , the authors calculated the free energy of a neutral particle and found the free energy decreases with increasing temperature. In present work, we note charm quark matter is qualitative agreement with Refs. [15, 22, 37] . Figs. (9, 10) , the entropy decreases with increasing . In addition, the entropy shifts to higher values by increasing N and . In Refs. [15, 22, 37] , the authors found the entropy increases with increasing temperature for light quark, strange quark, and natural particles. We have the same conclusion for charm quark.
Summary and Conclusion
In the present work, the energy eigenvalues and the wave functions are obtained in the N-dimensional space by solving the N-radial Schrödinger equation using the NU method. The Cornell potential is extended to include the quadratic potential and inverse quadratic potential which give a good description of heavy meson. We can obtain the energy eigenvalues and wave functions in lower dimension space. We applied the present results to calculate heavy-meson masses and thermodynamic properties. We conclude the following points: I-At N = 3, the heavy meson masses are calculated. We found that the present results are in good agreement in comparison with experimental data. We found that the maximum errors are 0.0555 for the charmonium, 0.0004828 for the bottomonium, zero for the b ̅ meson and 0.000699 for the c ̅ meson. For N > 3, we found that the binding energy increases with increasing dimensional number space which leads to the limitation of non-relativistic quark models. II-At N = 3, the thermodynamic properties are calculated such as internal energy, free energy, specific heat, and entropy. We found thermodynamic properties for charm quark plasma are qualitative agreement with Refs. [15, 22, 37] . In these works, thermodynamic properties the light quark, the strange quark, and natural particles are studied. Therefore, the thermodynamic properties for charmonium are not considered in many works such as [15, 22, 37] . For N > 3, the dimensionality number plays an important role in changing the behavior of thermodynamic properties for charmonium.
